We first introduce the concept of manageable functions and then prove some new existence theorems related to approximate fixed point property for manageable functions and -admissible multivalued maps. As applications of our results, some new fixed point theorems which generalize and improve Du's fixed point theorem, Berinde-Berinde's fixed point theorem, Mizoguchi-Takahashi's fixed point theorem, and Nadler's fixed point theorem and some well-known results in the literature are given.
Introduction and Preliminaries
In 1922, Banach established the most famous fundamental fixed point theorem (so-called the Banach contraction principle [1] ) which has played an important role in various fields of applied mathematical analysis. It is known that the Banach contraction principle has been extended and generalized in many various different directions by several authors; see and references therein. An interesting direction of research is the extension of the Banach contraction principle to multivalued maps, known as Nadler's fixed point theorem [2] , Mizoguchi-Takahashi's fixed point theorem [3] , and Berinde-Berinde's fixed point theorem [5] and references therein.
Let us recall some basic notations, definitions, and wellknown results needed in this paper. Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively. Let ( , ) be a metric space. For each ∈ and ⊆ , let ( , ) = inf ∈ ( , ). Denote by N( ) the class of all nonempty subsets of , C( ) the family of all nonempty closed subsets of , and CB( ) the family of all nonempty closed and bounded subsets of . A function 
is said to be the Hausdorff metric on CB( ) induced by the metric on . A point V in is a fixed point of a map , if V = V (when : → is a single-valued map) or V ∈ V (when : → N( ) is a multivalued map). The set of fixed points of is denoted by F( ). The map is said to have the approximate fixed point property [29] [30] [31] [32] [33] [34] on provided inf ∈ ( , ) = 0. It is obvious that F( ) ̸ = 0 implies that has the approximate fixed point property, but the converse is not always true.
Definition 1 (see [6, 13] 
It is evident that if
: [0, ∞) → [0, 1) is a nondecreasing function or a nonincreasing function, then is a MT-function. So the set of MT-functions is a rich class.
Abstract and Applied Analysis
Recently, Du [6] first proved the following characterizations of MT-functions which are quite useful for proving our main results.
Theorem 2 (see [6] such that ( ) ≤ (1) for all ∈ ( , + (1) ).
(e) For each ∈ [0, ∞), there exist (4) ∈ [0, 1) and
(g) is a function of contractive factor [15] ; that is, for any strictly decreasing sequence
In 1989, Mizoguchi and Takahashi [3] proved a famous generalization of Nadler's fixed point theorem which gives a partial answer of Problem 9 in Reich [4] . 
for all , ∈ . Then F( ) ̸ = 0.
In 2007, M. Berinde and V. Berinde [5] proved the following interesting fixed point theorem which generalized and extended Mizoguchi-Takahashi's fixed point theorem. 
In 2012, Du [6] established the following fixed point theorem which is an extension of Berinde-Berinde's fixed point theorem and hence Mizoguchi-Takahashi's fixed point theorem.
Theorem 5 (Du [6] 
Then has a fixed point in .
The paper is organized as follows. In Section 2, we first introduce the concept of manageable function and give some examples of it. Section 3 is dedicated to the study of some new existence theorems related to approximate fixed point property for manageable functions and -admissible multivalued maps. As applications of our results, some new fixed point theorems which generalize and improve Du's fixed point theorem, Berinde-Berinde's fixed point theorem, Mizoguchi-Takahashi's fixed point theorem, and Nadler's fixed point theorem and some well-known results in the literature are given in Section 4. Consequently, some of our results in this paper are original in the literature, and we obtain many results in the literature as special cases.
Manageable Functions
In this paper, we first introduce the concept of manageable functions.
Definition 6. A function : R×R → R is called manageable if the following conditions hold:
( 1) ( , ) < − for all , > 0;
( 2) for any bounded sequence { } ⊂ (0, +∞) and any nonincreasing sequence { } ⊂ (0, +∞), it holds that lim sup
We denote the set of all manageable functions byMan(R).
Here, we give simple examples of manageable function.
is a manageable function.
Example B. Let : R × R → R be any function. Then the function : R × R → R defined by
is a manageable function. Indeed, let
Abstract and Applied Analysis 3 Then ( ) < 1 for all > 0, and
For any , > 0, we have
so ( 1) holds. Let { } ⊂ (0, +∞) be a bounded sequence and let { } ⊂ (0, +∞) be a nonincreasing sequence. Then lim → ∞ = inf ∈N = for some ∈ [0, +∞). Since is continuous, we get lim sup
which means that ( 2) holds. Hence, ∈Man(R).
Example C. Let : R × R → R be any function and let
Then is a manageable function. Indeed, one can verify easily that ( 1) holds. Next, we verify that satisfies ( 2). Let { } ⊂ (0, +∞) be a bounded sequence and let { } ⊂ (0, +∞) be a nonincreasing sequence. Then lim → ∞ = inf ∈N = for some ∈ [0, +∞). Since is an MT-function, by Theorem 2, there exist ∈ [0, 1) and > 0 such that ( ) ≤ a for all ∈ [ , + ). Since lim → ∞ = inf ∈N = , there exists ∈ N, such that
Hence, we have lim sup
which means that ( 2) holds. So we prove ∈Man(R).
The following result is quite obvious. (a) For each ∈ N, the function
is a manageable function (i.e., 
is a manageable function (i.e., ( ) ∈Man (R) for any ∈ N).
Proof. Since min ( ) ( , ) ≤ 1 ( , ) for all , > 0, the conclusion (a) is a direct consequence of Proposition 7. Next, we prove the conclusion (b). Let ∈ N be given. It is obvious that ( ) ( , ) < − for all , > 0. Let { } ⊂ (0, +∞) be a bounded sequence and let { } ⊂ (0, +∞) be a nonincreasing sequence. For any ∈ N, we have
Because each satisfies ( 2), we get lim sup
Hence, for each ∈ N, the function ( ) is a manageable function.
New Existence Results for Manageable Functions and Approximate Fixed Point Property
Recall that a multivalued map : → CB( ) is called (1) a Nadler's type contraction (or a multivaluedcontraction [3, 33] ), if there exists a number 0 < < 1 such that 
Definition 9 (see [36] [37] [38] [39] ). Let ( , ) be a metric space and let : → N( ) be a multivalued map. One says that is -admissible, if there exists a function : × → [0, +∞) such that for each ∈ and ∈ with ( , ) ≥ 1, one has ( , ) ≥ 1 for all ∈ .
The following existence theorem is one of the main results of this paper. 
(b) inf ∈ ( , ) = 0; that is, has the approximate fixed point property on .
Proof. By our assumption, there exist 0 ∈ and 1 ∈ 0 such that ( 0 , 1 ) ≥ 1.
which implies inf ∈ ( , ) = 0. Let = 0 for all ∈ N. Then { } ∈N is a Cauchy sequence in and
Clearly, ( , +1 ) = ( 0 , 1 ) ≥ 1 for all ∈ N. Hence, the conclusions (a) and (b) hold in this case. Assume 1 ∉ 0 or ( 0 , 1 ) > 0. If 1 ∈ 1 , then, following a similar argument as above, we can prove the conclusions (a) and (b) by taking a Cauchy sequence { } ∈N with 1 = 0 and
By ( 1), we know that
Since ∈Man(R) and ( , ) ≥ 0 for all ( , ) ∈ Ω, we have
Clearly,
, we obtain
Taking into account ( 0 , 1 ) ≥ 1, ( 1 , 1 ) > 0, and the last inequality, we get 1 > 0. Since
there exists 2 ∈ 1 such that 2 ̸ = 1 and
If 2 ∈ 2 , then the proof can be finished by a similar argument as above. Otherwise, we have ( 2 , 2 ) > 0. Since is -admissible, we obtain ( 1 , 2 ) ≥ 1. By taking
Abstract and Applied Analysis 5 then there exists 3 ∈ 2 with 3 ̸ = 2 such that
By induction, if −1 , , +1 ∈ is known satisfying −1 ∈ , +1 ∈ +2 , ( , ) > 0, ( −1 , ) ≥ 1, and
then, by taking
one can obtain +2 ∈ +1 with +2 ̸ = +1 such that
Hence, by induction, we can establish sequences { } in satisfying, for each ∈ N,
By (30), we have
Hence, for each ∈ N, by combining (40) and (41), we get
which means that the sequence { ( −1 , )} ∈N is strictly decreasing in (0, +∞). So
By (41), we have
which means that { ( −1 , ) ( , )} ∈N is a bounded sequence. By ( 2), we have lim sup
Now, we claim = 0. Suppose > 0. Then, by (45) and taking lim sup in (42), we get
a contradiction. Hence we prove
To complete the proof of (a), it suffices to show that { } ∈N is a Cauchy sequence in . For each ∈ N, let
Then ∈ (0, 1) for all ∈ N. By (42), we obtain
From (45), we have lim sup → ∞ < 1, so there exist ∈ [0, 1) and 0 ∈ N, such that Abstract and Applied Analysis For any ≥ 0 , since ∈ (0, 1) for all ∈ N and ∈ [0, 1), taking into account (49) and (50) concludes that
For , ∈ N with > ≥ 0 , we have from the last inequality that
Since ∈ [0, 1), lim → ∞ = 0. Hence
So { } is a Cauchy sequence in . Let = −1 for all ∈ N. Then { } ∈N is the desired Cauchy sequence in (a).
To see (b), since ∈ −1 for each ∈ N, we have
Combining (47) and (54) yields
The proof is completed.
Applying Theorem 10, we can establish the following new existence theorem related to approximate fixed point property for -admissible multivalued maps. 
By Example C, we know ∈Man(R). By (56), we obtain ( , ) ≥ 0 for all ( , ) ∈ Ω. Therefore (a) is proved. It is obvious that the desired conclusions (b) and (c) follow from Theorem 10 immediately.
The following interesting results are immediate from Theorem 11. 
